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Abstract-In this paper, we investigate the positive solutions of equations wc4)(t) = xf(t, w(t)) 
with w(O) = w(l) = w’(O) = w’(l) = 0. We obtain several existence and multiplicity results by an 
application of the Krasnosel’skii fixed-point theorem of cone expansion-compression type. This class 
of equations usually describes the deformations of elastic beams with fixed both endpoints. @ 2004 
Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The purpose of this paper is to consider the positive solutions of the following fourth-order 
eigenvalue problem 
w(4)(t) = A@ w(t)), o<t<1, 
w(0) = w(l) = w’(0) = w’(1) = 0 
(PI 
(X > 0), which usually describes the deformations of elastic beams with both endpoints fixed. 
Here, a positive solution w* of (P) wi 11 mean a solution w* of (P) satisfying w*(t) > 0, 0 < t < 1. 
Since problem (P) cannot transform into a system of second-order equations, the treatment 
method of second-order systems does not apply to problem (P). Thus, existing literature on 
problem (P) is limited. In 1984, Agarwal and Chow [l] investigated problem (P) by contraction 
mapping and iterative methods. In this paper, we shall apply the Krasnosel’skii fixed-point 
theorem on cones to problem (P) and obtain several new existence and multiplicity results. 
2. PRELIMINARIES 
We write the norm ]]w]] = maxo<t<i ]w(t)] f -- or w E C[O, 11. Throughout this paper, we always 
assume the following. 
(1) f : [0, l] X [0, +co) -3 [0, t-03) is continuous. 
(2) 0 < cr < p < 1. 
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Let 
1 
G(t, s) = i 
t2(1 - s)‘qs - t) + 2(1 - t)s], 0 < t 5 s 5 1, 
s2(1 - t)2[(t - s) + 2(1 - s)t], 0 < s < t 5 1, 
which is Green’s function to w c4)(t) = 0 subject to the boundary conditions of problem (P). 
Let q(t) = (2/3) min{t2, (1 - t)2}, t E [O,l], 
1 1 1 2s2(1 -i s)3 1 SE 0’5 i W(s), s) = 3(3-2s)2) SE “2 i [ 1 
SE 
2s3(1- s)2 1 
3(1+2s)2 ’ s E 2’l . i 1 
It is not difficult to check that 
For 0 < c < 1, denote 
p(c) = a(3 - 2~)~ - 3(3 - 2~)~ + 15(3 - 2~)~ - 46(3 - 2c) + 331n(3 - 2~) + ~ (392~)’ 
I/(C) = :(I+ 2~)~ - 3(1 + 2~)~ + 15(1+ 2~)~ - 46(1+ 2c) + 331n(l+ 2c) + &. 
We will apply the following constants: 1 I -1 A= W(s), s) ds 192 = 132(ln3-ln2) -53’ 
‘* = A2i max {f(t, 1) : (t, I; E [0, 11 x [0, T]}’ 
V* = B7%fo min{f(t, 2) : (t,l;E [a,,#] x [TT,~]} 
In particular, if cx = l/4, /? = 314, we have 
1 
B= 
61440 
r=z> 10560(ln 5 - 2 In 2) - 2323 
It is easy to prove that 0 < p* 4 +cc if and only if f(t, 1) $ 0; 0 5 V* < +oo if and only if 
there exists c > 0 such that f(t, I) > 0, (t, 1) E [a,p] x [TC, c]. 
Let 
dK(c) = {w E K : llwlj = c}. 
It is easy to test that K is a cone of nonnegative functions in C[O, 11. 
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Define the integral operator TX : C[O, 11 + C[O, l] as follows: 
PAW) (4 = X 6’ G(t, s)f(s, w(s)) ds, t E [O, 11. 
4 
It is well known that w* is solution of problem (P) if and only if w* is fixed point of operator TX. 
We will apply following symbols: 
f (4 1) maxfo = lim max - f (6 1) 
L-+o+o<t<1 1 ' 
max7, = lim max - 
l-+00 o<t<1 1 ' 
f (4 1) rninTo= lim min - 
&.+o+ a<tlP 1 ’ 
min f -02 
= lim min !lb.!J; 
l--*+03 altlP 1 
f(hl) max fo = lim max - f (6 1) 
L+o+o<t<1 1 ' 
maxfoo = lim max - 
l++coO<tg 1 ’ 
f (6 1) min fo = lim min - 
z-+0+ a<tg 1 ’ 
min f, = lim min f(t,l). 
1++cc c&tg 1 
. 
3. SEVERAL LEMMAS 
In this section, we will establish several lemmas for the proof of our main results. Here 
Lemma 3.3 is an existence criterion on problem (P). The idea of Lemma 3.3 comes from [4,5]. 
This criterion implies that we may determine the existence of a positive solution by considering 
the properties of f (t, 1) on a bounded subset of [0, 11 x [0, +m). 
LEMMA 3.1. TX : K --+ K is completely continuous. 
PROOF. Let w E K. Since G(t, s) 2 0, (t, s) E [0, l] x [O,l], by the definition, we have ming<t<l 
(Txw)(t) 2 0. On the other hand, 
1 
min (Txw) (t) = X min L&t</3 J al&P 0 G(t, s)f (3, w(s)) ds 
2 Xa~&$t) -- J o1 G(j(s), s)f (s, w(s)) ds 
l G(t> s)f (s, w(s)) ds] = 7 llTx4 . 
Thus, we assert that TX : K + K. The complete continuity of TJ, follows from the Arzera-Ascoli 
theorem. I 
LEMMA 3.2. (See 161.) Let E b e a Banach space and K c E be a cone in E. Suppose that 
01, !& are bounded open subsets of K with 0 E RI, fi1 c 02, and F : K -+ K is a completely 
continuous operator such that either 
IIWI I IIWII~ w E dill, and lP4l 2 IIWIl> wEC&!z, or (1) 
IIWI 2 IMli w E a&, and IlJw I II4l~ w E a&?. (2) 
Then F has a fixed point in fi;22 \ RI. 
LEMMA 3.3. Suppose that there exist two different positive numbers a, b such that 
bB 
min{f(t,l) : (t,l) E [a,P] x [Tb, b]} ’ A ’ 
aA 
max{f (t, 1) : (t, 1) E P, 11 x P, 41 
Then problem (P) has at least one positive solution w* E K. 
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PROOF. Without loss of generality, we may assume a < b. We only need to prove that the 
operator TX has one positive fixed point w* E K. 
If w E aK(aj, then 
0 5 w(t) I llwll = a, t E [O, 11. 
% 
Thus, f(t, w(t)) < aA/X, t E [O,l]. It follows that 
J 
1 
jlT~w/l = X max 
o<t<1 0 
G(t, s)f(s, 4s)) ds 
5 aA J o1 G(j(s), s) ds = a = llwll. 
If w E dK(b), then 
rb = 7 llwll = ay$dt) llwll 5 w(t) 5 llwll = 4 t E [&PI. -- 
Thus, f(t, w(t)) 2 bB/X, t E [a, ,6]. It follows that 
J P IlT~wll 2 A mm o<tg cy W, s)f(w(s)) d  
J P 2 Xol$$7(t) W s), )f(s, w(s)) ds -- 01 >bB [ 1 . Xoyyp(t) -A -- J ’ W(s), s) ds = b = llwll a 
By the Lemma 3.2, we assert that there exists w* E K such that Txw* = w* and a < IJw*II 5 b. 
So, we get that 
w*(t) >_ Ilw*ll q(t) = h(t) > 0, t E (0,l). 
Therefore, w* is a positive fixed point of the operator TX. I 
LEMMA 3.4. Suppose that 
0 < min{minfo, minim} 5 $00 and 0 5 max{maxf,, maxT,> < +OO. 
(1) If X < A/ maxf,, then there exists a sequence of positive numbers a, + 0 such that 
f(t, 1) L dI& (t, 0 E 1’4 11 x P, 4. 
(2) If X < A/maxT,, then there exists a sequence of positive numbers a, --+ +CQ such that 
f(t, 0 5 WV& (6 I) E [O, 11 x P, 4. 
(3) If X > B/(~minf~), then there exists a sequence of positive numbers b, + 0 such that 
f(t, I) 2 bnB/k (t, 1) E [a, PI x Vn, bnl. 
(4) If X > B/(~minf,J, then there exists a sequence of positive numbers b, + $00 such 
that f(t, 1) 2 LB/4 (6 I) E [a, P] x [A, &I. 
PROOF. The following inequalities are obvious: 
f (4 1) maxfo = lim max - 
z+oo<t<1 1 
, limm={f(t,c) : (t,c) E P,ll x P,4> 
-- 
1 
7 
maxf, = f (6 1) >‘yiorn m={f(t, c) : (t, 4 E LO, 11 x P, 11) pnorq&~ - - 1 , 
- - f(t 0 minfo = lim min ---?-- < LZin{f(t,c) : (t,c) E [a,P] x [k 4) 
&+oa<tg I - z-i0 1 > 
min f = j& min f(t,l> < lim min{f (4 c) : (4 c) E [a, PI x 14 4) -cc &.+coa<t<p 1 - l-+cx, 1 
From this, we get at once the required results. 
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4. MAIN RESULTS 
We have following existence results. 
THEOREM 4.1. If V* < p*, then for any V* < X -C p*, problem (P) has at least one positive 
solution w* E K. 
PROOF. Since I/* < X < p*, there exist 0 < a < b such that 
bB aA 
min{f(t,l) : (6 1) E [Q,PI x [%bl) < A < max{f(t, I) : (t, 1) E [0, 11 X [0, a]}. 
We need to prove a # b. If not, a = b, then 
min{f(t, I) : (t, 2;LuE [cu, ,D] x [Ta, a]} 
aA 
< A < max{f(t, I) : (t, 1) E [0, l] x [0, a]} ’ 
Since A < B and 
min{f(t, 1) : (4 1) E [a, P] x [v a]} I max{f(t, 1) : (4 1) E [O, l] x [O, a]}, 
it is impossible. 
By Lemma 3.3, we assert that problem (P) h as at least one positive solution w* E K. I 
THEOREM 4.2. If B/( Tminfoo) < A/maxTc, then for any B/(Tminfo3) < X < A/maxTc, 
problem (P) has at least one positive solution w* E K. 
PROOF. The proof is complete from Lemma 3.4(l),(4) and Lemma 3.3. I 
If f is superlinear, that is maxfu = 0 and minf, = $00, we have the following. 
COROLLARY 4.3. If maxfc = 0 and minf, = +co, then for any 0 < X < +co, problem (P) has 
at least one positive solution w* E K. 
THEOREM 4.4. If B/(Tminfc) < A/maxT,, then for any B/(TminfJ < X < A/maxf,, 
problem (P) has at least one positive solution w* E K. 
PROOF. The proof is complete from Lemma 3.4(2),(3) and Lemma 3.3. I 
If f is sublinear, that is, minfc = +co and max foe = 0, we have the following. 
COROLLARY 4.5. If min fc = +co and max fw = 0, then for any 0 < X < +oo, problem (P) has 
at least one positive solution w* E K. 
We have following multiplicity results. 
THEOREM 4.6. Suppose max{B/(Tminfc), B/(Tminfco)} < p*. 
(1) If m={Bl( Tminfo), B/(Tminf03)} < X < p*, then problem (P) has at least two 
positive solutions w*, w*+ E K. 
(2) If 
then problem (P) h as at least one positive solution w* E K. 
PROOF. Let 
rA 
J(r) = max{f(t, 1) : (t, 1) E [0, l] X [0, r]} ’ 
It is easy to check that J : (0, fco) -+ (0, +co] is continuous and p* = supr>c J(r). 
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Since X < p*, there exist 0 < al < u2 < $00 such that X 5 J(ul), J(Q) < p*. It follows that 
max{f(t, I) : (4 1) E [O, 11 x [O, al]> 5 y, 
max{.f(t,Q : (t,l) E [O,l] x [O,aa]} 5 y. 
On the other hand, since X > B/(~minf,), by Lemma 3.4(3), we see that there exists 0 < 
bl < al such that 
min{.f(t,l) : (4 1) E [a,PI x [&,bll} 2 y; 
since X > B/(Tminfco), by Lemma 3.4(4), we see that there exists u2 < b2 < +co such that 
min{f(t,l) : (t,l) E [a,p] x [Tb2, b2]} L y. 
Now, applying Lemma 3.3 for {bl,ul} and (~2, bz}, respectively, we assert that problem (P) 
has positive solutions w* E K and (or) w** E K satisfying bl 5 Ijw*jl I: al, u2 5 jlw**I/ 5 b2. 
If Condition (1) holds, then problem (P) has two positive solutions w* and w**. If Condition (2) 
holds, then problem (P) has one positive solution w* or w**. I 
It is easy see that the proof of Theorem 4.6 include following two results. 
THEOREM 4.7. If B/(Tminfo) < p* (B/(TminfW) < p*), then for any 
problem (P) has at least one positive solution w* E K. 
COROLLARY 4.8. 
(1) If min fo = +oo and min foe = +co, then for any 0 < X < p* problem (P) has at least 
two positive solutions w*, w’* E K. 
(2) If minfo = $00 or minf, = $00, then for any 0 < X < p* problem (P) has at least one 
positive solution w* E K. 
Similarly, we have the following. 
THEOREM 4.9. Suppose V* < min{A/maxT,, A/maxT,}. 
(1) If I/* < X < min{A/ maxTo, A/maxTW}, then problem (P) has at least two positive 
solutions w*, w** E K. 
(2) If 
{ 
A 
min - ----L-}<Acmax{&,$}~ 
maxTo ’ max f, 
then problem (P) has at least one positive solution w* E K. 
PROOF. Let 
I(‘) = min{f(t, I) : (t, d”E [a, p] x [77-, r]} ’ 
The remainder of proof is similar to Theorem 4.6. 
THEOREM 4.10. If I/* < A/maxTO(v* < A/maxTW), then for any 
u*<x< A-( 
max.fo 
u*<X<A/maxf,), 
problem (P) has at least one positive solution w* E K. 
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COROLLARY 4.11. 
(1) If maxfo = 0 and maxfoo = 0, then for any u’ < X < +oo, problem (P) has at least two 
positive solutions w*, w** E K. 
(2) If maxjo = 0 or rnaxfm = 0, then for any V* < X < +oo, problem (P) has at least one 
positive solution w* E K. 
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